We discuss in polar coordinates the relation between unitarizing measures and invariant measures for the Ornstein-Uhlenbeck operator in the Poincaré disk. Then we study the Ornstein-Uhlenbeck operator in terms of the vector fields of the modular representation.
Introduction
First, we define the Ornstein-Uhlenbeck operator B γ in the Poincaré disk D. Consider the measure μ γ = (1 − zz) γ dv where γ ∈ C and dv is the volume measure on D. This measure μ γ is associated to the modular representation as in [4] . We prove that μ γ is an invariant measure for B γ . The vector fields of the infinitesimal modular representation have been calculated in [7] , we show how to obtain the Ornstein-Uhlenbeck operator B γ from the vector fields of the modular representation. The relation between unitarizing measures and invariant measures for Ornstein-Uhlenbeck operators has become classical in the case of the Heisenberg algebra, see for example [2] . For the symplectic group SU(1, 1) acting on the Poincaré disk, our results confirm the work by [4] . Moreover, we define a general Ornstein-Uhlenbeck operator OU γ in the Poincaré disk by adding to the radial Ornstein-Uhlenbeck operator B γ , the angular part of the Laplace-Beltrami operator. We discuss various commutation identities concerning these operators.
Laplace-Beltrami and Ornstein-Uhlenbeck operators in polar coordinates
Let D be the Poincaré disk, D = {z ∈ C | |z| < 1} with the Kähler metric ds 2 = 4|dz| 2 (1 − |z| 2 ) 2 (1.1)
We denote by dv the volume measure,
where γ is a real number. We consider the Laplace-Beltrami operator LB in polar coordinates, i.e. re iθ = x + iy, it is given by For any γ ∈ C, the measure μ γ is well defined. When γ is real, the integral |z|<1 (1 − zz) γ dv is finite if and only if γ > 1, and in this case
(1 − zz) γ dv = 4π γ − 1 (1.13) Definition 1.1. Define the radial Laplace-Beltrami
and for given γ ∈ C, we define the radial Ornstein-Uhlenbeck operator as
Then γ D is the drift in B γ . We have
Given two operators P , Q, we denote
By simple calculation, we prove
(1.20)
By passing to polar coordinates in [4] , one can relate B γ on the disk with the operator L defined in [4, (3.7) 
We denote by θ LB the angular part of the Laplace-Beltrami operator LB and θ H the angular part of θ H ,
Stroock [9] has defined an Ornstein-Uhlenbeck for a general Riemannian manifold. The operator OU γ LB coincides with that in [9] if we take the Riemannian manifold to be the Poincaré disk. On the other hand, in our case, the commutation relations as in [3] 2r 2 is not a constant. The assumptions in [3] in order to obtain an invariant measure for + cD, c being a constant seem too restrictive. In the following, we study invariant measures and unitarizing measures on the Poincaré disk. See [6] for a discussion of the geometry of more general Einstein-Kähler manifolds.
Invariant measure for the radial Ornstein-Uhlenbeck operator

Adjoint of an operator and invariant measure on a Riemannian manifold
Let M be a Riemannian manifold, be a second order elliptic differential operator on M. Denote by dv the Riemannian volume measure. Let Z be a vector field on M. Consider
Definition 2.1. Let μ be a measure on M, we denote respectively by adj μ Z and adj μ B the adjoint operators on M with respect to the measure μ. We have
for any C ∞ functions φ and ψ on M vanishing on the boundary of M and such that the integrals exist. We denote by Z * (resp. B * ) the adjoint of Z (resp. B) with respect to the Riemannian volume. 
Proof. Remark that Z * = V + h where V is a vector field and h is a function. For the first equation in (2.1.4), we have to prove
we obtain the result. 
The adjoints of A and B γ for the volume measure dv are
We also have
If γ 1 and γ 2 two given complex numbers, then
Proof. By (1.7), the volume measure is dv = sinh(τ ) dτ dθ . Integrating by parts with respect to the τ variable, with differentiable functions f and g vanishing at zero and at infinity, 
This proves that A is self-adjoint for the measure dv. We deduce adj μ γ A by calculating A((1 − r 2 ) γ ψ). For that we put h = (1 − r 2 ) γ and we remark that
The last identity is consequence of (2.1.4). 2
Theorem 2.6. The volume dv is invariant for the radial Laplacian
Proof. Since A * 1 = 0, we find that the volume measure dv is invariant for A. To prove the invariance of
We have
, we have
Simplifying by (1 − r 2 ) γ , we have to verify that
Remark 2.7. Notice that the expression of B γ is explicitly given in (1.15)-(1.17) and the proof of Theorem 2.6 is a direct proof. 
Radial Ornstein-Uhlenbeck operator on the Poincaré disk and operators on the group SU(1, 1)
The objective of this subsection is to identify B γ and OU γ with projections on the Poincaré disk of the operator (3.7) a in [4] . First, we recall some notations and results in [4] . We denote by
such that aa − bb = 1. The group G acts on the Poincaré disk with
We see that
is the orbit of zero and
Following [4] , we lift the Kählerian potential (1.11), K = − log(1 − zz) to the group G. The lifted potential is
The Lie algebra of G is su (1, 1) , the set of matrices β =
such that β 1 + β 1 = 0. As in [4] , consider the basis of su(1, 1), Given a function Φ defined on the group G, and β ∈ su(1, 1), the right derivatives of Φ in the direction β are
We denote
Lemma 2.8.
Proof. It is a consequence of (2.3.8). ∈ G, we put
With these coordinates,
In the following, we express the operators ∂ r ,
) 2 ], L with the coordinates (θ, ψ, τ ) given by (2.3.12).
Lemma 2.12. Let
In particular 
In the same way, with b , we have 
The radial part of L is equal to B γ . 
Remark 2.14. The Laplacian is the same as the Laplacian obtained in [1] (see (1.2.7) in [1] ). Acting on functions which do not depend on θ , it coincides with the Laplace-Beltrami LB and acting on functions which do not depend on ψ, it coincides with H , see (1.8)-(1.9).
The vector fields in the right infinitesimal action
General approach and homographic transformations
Let z → q(z) be a C-differentiable function. Let γ be a real number, we put as in [8] ,
It is not difficult to verify that
and if in addition, we take
In the following, we consider
The condition (3.1.7) expresses the invariance of the Poincaré metric through the map q. It is a general differential equation and if q 1 and q 2 are both solutions of (3.1.7), then q 1 • q 2 satisfies also (3.1.7). It is known, see for example p. 52 in [5] , that (3. In the following, we assume that aa − bb = 1.
Lemma 3.1.
Proof. By straight calculation. 2
Remark 3.2. Consider the real measures
Proof. If b = 0 and q(z) = e 2iθ z, we see that μ must be invariant by rotation, thus k(z, z) is a function of r = |z| only. 2
The infinitesimal representation associated to T γ a,b
Let β = 
Proposition 3.3. Consider the differential operator (called the operator associated to β in the infinitesimal modular representation)
where I is the identity operator. Then ρ(β) transforms holomorphic functions into holomorphic functions. Moreover, for φ and ψ holomorphic functions,
To complete the proof, let a = 1,
When β is one of the matrices in the basis of the Lie algebra su (1, 1) , we obtain Corollary 3.4. (See [7] .)
Remark 3.5. Given two matrices α and β in su (1, 1) . Consider the bracket
The constant in ρ(e 1 ) has to be 
Since α 1 + α 1 = 0 and β 1 + β 1 = 0, we can deduce (3.2.4) by straight calculation. 2 Lemma 3.7. The constant γ is real. We assume that
Then for any two matrices α and β, the two operators ρ(α) and ρ(β) satisfy
Proof. ρ(β) and ρ(α) have holomorphic coefficients and (3.2.4) is valid. 2
Remark 3.8. Obviously, ρ(β) = ρ(β).
On the other hand,
where I is the identity operator.
From complex operators to real operators
Notation 3.9. We denote
We have the commutation relations
Lemma 3.10. Consider ρ(β) as in (3.2.5). Let 
Proof. We deduce the expression of W β from
By the way, we have
Definition 3.11. We define the matrix
Remark 3.12.
J e 2 = e 3 and J e 3 = −e 2 (3.3.8)
Let P be the subspace generated by {e 2 , e 3 }, the restriction of J to P satisfies J 2 = −Identity. It defines a complex structure on the Poincaré disk.
Lemma 3.13.
Assume that β 1 = 0, in that case 
In the same way, for j = 1, 2, 3
We see that H 3 is the image of H 2 by the map z → iz and that
Moreover, making γ = 0 in (3.3.5), we have
We have by direct calculation
From these two last identities, we deduce
Proof of (3.3.15).
Notation 3.15. We denote
when γ is not necessarily equal to zero.
In polar coordinates,
Because of (3.3.18), we have
and the constant γ plays the role of a central charge.
Laplacians and Ornstein-Uhlenbeck operators from the infinitesimal representation
In this subsection, we relate the complex vector fields in the modular representation to LB and H and to the Ornstein-Uhlenbeck operators in D. 
where H is defined in (1.5). Moreover,
where LB is the Laplace-Beltrami operator (1.4). The next theorem shows how to obtain the Ornstein-Uhlenbeck operators in D from the vector fields of the representation. Let Y j = W e j and Z j as in (3.3.13).
Proof.
Theorem 3.17 (Ornstein-Uhlenbeck operators). Let
and
Proof. 
From real vector fields to complex vector fields, from real operators to complex operators
In the last subsection, from the holomorphic vector fields (H j ) j =2,3 of the representation, we constructed real vector fields by taking Z j = H j + H j , j = 2, 3. In the present section, from the two real vector fields Z 2 , Z 3 , we define two new complex vector fields Z 2 + iZ 3 and Z 2 − iZ 3 . Notation 3.19. We define the differential operators
We have 
Unicity of the unitarizing measure
First recall classical facts for an operator Q of the form
Consider a real measure μ on the Poincaré disk such that for holomorphic functions φ and ψ, it holds
Assume that (4.1) and (4.2) are satisfied, then it is not difficult to verify that
with α(z) = −2β 1 z + β 2 − β 2 z 2 . We have the general lemma: 
implies that λ(z, z) is determined by the differential equation
In particular, if where c(t) = det
A(t) A (t) A (t) A t)
. If we take Z = (1 − r 2 ) ∂ ∂r and T = (r + where we abbreviate A j for A j (θ ).
Proof. By direct calculation. 2
